Let H = Q(ζn + ζn −1 ) and ℓ be an odd prime, such that ℓ | φ(n) and ℓ ∤ n. We get a bound on the ℓ-rank of the class group of H (under some conditions) in terms of the ℓ-rank of the class group of real quadratic subfield contained in H. This is a generalization of a recent work of E. Agathocleous, where she deals with the case when ℓ = 3. We also relate the ℓ-rank of real quadratic subfields of H.
Introduction
The class group and class number of number fields have been explored and studied by many mathematicians for a long period of time. There are many interesting unsolved problems related to the class groups of number fields which are object of intense study. Associated to the class group, a particular quantity of considerable interest is its ℓ-rank. Let ζ n be a primitive n-th root of unity and Q(ζ n ) be the corresponding cyclotomic field. Let H be the maximal real subfield of Q(ζ n ). The class number of H denoted is by h + , which is the 'plus' part of the class number h of Q(ζ n ). In 1965, Ankney, Chowla and Hasse [2] showed that when n is a prime of the form (2qm) 2 +1, where q is a prime and m ≥ 2 is a positive integer, then h + > 1. In 1977, using similar technique, Lang [5] showed that h + > 1, when n = (2m + 1) 2 q 2 + 4 is a prime, where q is a prime and m is a positive integer. Osada [10] generalized both these results and proved that h + > 1, for all square-free n of the above two forms. Chakraborty and Hoque [3] also obtained similar results and proved that h + > 1 for following square-free n's:
where q is prime and m is a positive integer.
In [1] , E. Agathocleous proved the following result related to 3-rank of the 'plus' part of the class number of certain cyclotomic fields: Theorem 1.1. Let p (or q) ≡ 1 (mod 3), H = Q(ζ pq + ζ pq −1 ) and K 2 , K 3 ⊆ H be a real quadratic and cubic subfield of H, respectively, such that the conductor of K 2 and K 3 are not equal. If 3-class number of H and K 2 is 3 2 and 3, respectively, and if one of the equation ( * ) of [[1], Theorem 2.6] has a solution, then the 3-rank of H is 1. More precisely 3-part of the class group of H is cyclic.
One of the important hypothesis used in the proof of the above theorem is ( * ), which is related to sextic field and for more details see [ [1] , Theorem 2.6], and also that the conductors of K 2 and K 3 are distinct. We extend the above result for all natural number n and for any odd prime ℓ. We also replace both these conditions with weaker ones. Before we state our main result, let us fix some notations which will be followed throughout the paper.
Notations.
ℓ : an odd prime which divides φ(n) but doesn't divide n.
H : the maximal real subfield of Q(ζ n ). ℓ i || n : ℓ i | n and ℓ i+1 ∤ n.
Similarly, h + , h + ℓ and r H,ℓ will denote the class number, ℓ-class number and ℓ-rank of class group of H respectively. If L/K m is any number field then r tm,ℓ will denote the ℓ-rank of ker(t Km→L ), where t map is defined in the next section. Let K/F be any number field extension such that h F,ℓ = ℓ m−1 and h K,ℓ = ℓ m , then we will denote ker(t F →K ) by ker ′ (t).
Theorem 1.2. Let n be a postive integer and ℓ be as above in notations. Assume that there exist K 2 ⊆ H such that h + ℓ = ℓ m and h 2,ℓ = ℓ m−1 . If ℓ-part of ker ′ (t) is trivial or isomorphic to (Z/ℓZ) r for some positive integer r, then
Theorem 1.1 is an immediate consequence of our Theorem 1.2 by considering ℓ = 3 and m = 2. We use class field theory and some elementary group theoretic arguments to prove this result.
In [7] , Scholz proved the following reflection principle: In 2003, Kishi [4] showed that if d = −4a 3 + 9b 2 is square-free, then
where a and b are integers with 3 ∤ b.
In §4, as an application of Theorem 1.2, we relate the ℓ-rank of real quadratic number fields contained in cyclotomic fields and prove some results which are similar to that of Schloz's reflection theorem. Continuing with the assumption and notations as in Theorem 1.2: Theorem 1.4. Let K ′ 2 be any real quadratic subfield of H, such that ℓ divides its class number, and
If the ℓ-rank of the class group of K 2 is 1, then the ℓ-rank of the class group of K ′ 2 is also 1, except for the case when C(H) ℓ is not cyclic and ℓ-class
Let K/F be an extension of number fields and p be an odd prime. We will be needing the following homomorphisms:
Let r t,p and r F,p be the p-rank of ker(t F →K ) and p-rank of the class group of F , respectively. The following results from [6] and [8] will be handy. 
The following result of the norm map (N K→F ) from class field theory will also be needed. Proposition 2.3. Let K/F be a ramified extension and [K : F ] = p a . If h K,p = h F,p , then N K→F is an isomorphism on p-part of class group.
We will be also needing the following basic fact:
Proof of Theorem 1.2
Let us begin by noting the results and equalities which will be obtained in the course of the proof (case by case), before actually going about proving them.
Let h + ℓ = ℓ m and h 2,ℓ = ℓ m−1 . Then, (i) If h 2ℓ,ℓ = ℓ m , then
Hence,
Proof of Theorem 1.2. Since ℓ | φ(n) and ℓ ∤ n, there exists a prime factor q of n such that q ≡ 1 (mod ℓ). Thus we have a subfield K ℓ of Q(ζ q + ζ −1 q ) such that [K ℓ : Q] = ℓ and consider K 2ℓ = K 2 K ℓ , the compositum of K 2 and K ℓ . As [K 2ℓ : K 2 ] = ℓ, there do not exist any subextension of K 2ℓ over K 2 . In particular there do not exist any unramified subextension of K 2ℓ over K 2 . Then by [[9], Proposition 4.11, p.39], h 2,ℓ | h 2ℓ,ℓ and hence h 2ℓ,ℓ = ℓ m−1 or ℓ m .
Case I : If h 2ℓ,ℓ = ℓ m , then either r t2,ℓ = r 2,ℓ or r 2,ℓ − 1 (by Proposition 2.1). Let r t2,ℓ = r 2,ℓ . This will imply that,
As ℓ is an odd prime and r t2,ℓ = r 2,ℓ , so 1 + r 2,ℓ ≤ ℓ − 2 + r t2,ℓ , therefore Theorem 2.1 implies that | (C(K 2ℓ ) ℓ ) ℓ |= ℓ m−(1+r 2,ℓ Then r t 2ℓ ,ℓ = r 2ℓ,ℓ (by Proposition 2.1) and ker(t K 2ℓ →K 2ℓ 2 ) = (Z/ℓZ) r 2ℓ,ℓ (by Proposition 2.2(i)). Therefore by applying Theoerem 2.1, we get r 2ℓ 2 ,ℓ = r 2ℓ,ℓ . Now suppose [H : Q] = ℓ i m, where ℓ ∤ m, by repeating the above arguments at each extension K 2ℓ a+1 /K 2ℓ a , for all 1 ≤ a ≤ i − 1, we get that r 2ℓ i ,ℓ = r 2ℓ,ℓ . Since, ℓ ∤ [H : K 2ℓ i ], therefore by theorem 2.2, C(H) ℓ ∼ = C(K 2ℓ i ) ℓ and hence r H,ℓ = r 2ℓ i ,ℓ = r 2ℓ,ℓ . Now combining this observation with (3.1), we get,
Case II : Let h 2ℓ,ℓ = ℓ m−1 . Since, |C(K 2ℓ ) ℓ | ≥ ℓ r 2,ℓ −r t 2 ,ℓ |C(K 2 ) ℓ | (by proposition 2.1), |C(K 2ℓ ) ℓ | = ℓ m−1 and |C(K 2 ) ℓ | = ℓ m−1 , therefore r 2,ℓ = r t2,ℓ and thus [C(K 2ℓ ) ℓ : t(C(K 2 ) ℓ )] = ℓ r t 2 ,ℓ = ℓ r 2,ℓ (using Proposition 2.2(i)). Now by Theorem 2.1, (C(K 2ℓ ) ℓ ) ℓ = t(C(K 2 ) ℓ ), and thus,
Therefore, by Theorem 2.3, r 2ℓ,ℓ = r 2,ℓ . Now, if ℓ ∤ [H : K 2ℓ ], then by Theorem 2.2,
II.1
If h 2ℓ 2 ,ℓ = ℓ m . This case is analogous to that of Case I (considering K 2ℓ and K 2ℓ 2 instead of K 2 and K 2ℓ respectively). Therefore, r 2,ℓ ≤ r 2ℓ 2 ,ℓ ≤ r 2,ℓ + 1.
II.2
If h 2ℓ 2 ,ℓ = ℓ m−1 , then again by Proposition 2.1 r t 2ℓ ,ℓ = r 2ℓ,ℓ = r 2,ℓ and applying Theorem 2.1 gives r 2ℓ 2 ,ℓ = r 2ℓ,ℓ = r 2,ℓ . Suppose [H : Q] = ℓ i m, where ℓ ∤ m. Consider the sequence
Then either h 2ℓ a ℓ = h 2ℓ b ,ℓ , for all 1 ≤ a, b ≤ i, or there exist some 1 < j ≤ i such that h 2ℓ j ,ℓ = ℓ m . In the former case, by repeating the initial arguments of II.2, r 2ℓ i ,ℓ = r 2,ℓ and since ℓ ∤ [H : K 2ℓ i ], therefore r H,ℓ = 1 + r 2,ℓ . Whereas for the latter case, consider minimum j such that h 2ℓ j ,ℓ = ℓ m , then by the initial arguments of II.2, r 2ℓ t ,ℓ = r 2,ℓ , for all t < j.
(3.2) Also by Case I and II.1; we have, 
where K/F be a number fields extension, such that [K : F ] = ℓ, K 2ℓ ⊆ F , h F,ℓ = ℓ m−1 and h K,ℓ = ℓ m , and f is a positive integer, such that ℓ f = |ker(t F →K )|.
As m ≤ ℓ − 1, Theorem 2.1 will still be applicable and the proof of Theorem 3.1 goes on analogously as that of Theorem 1.2 .
4.
Proof of Theorem 1.4
H be a real quadratic field which is distinct from K 2 , and K ′ 2ℓ a be a subfield of H such that [K ′ 2ℓ a : K ′ 2 ] = ℓ a , for all 1 ≤ a ≤ i. Also let h ′ 2ℓ a ,ℓ denote the ℓ-class number of the extension K ′ 2ℓ a . Two cases have to be considered.
,ℓ = ℓ m , then by repeatedly applying Proposition 2.3 in each extension K ′ 2ℓ a+1 /K ′ 2ℓ a , where 1 ≤ a < i, we get C(K ′ 2ℓ ) ℓ ∼ = Z/ℓ m Z. Now, if h ′ 2,ℓ = ℓ m , then again by applying Proposition 2.3 on K ′ 2ℓ /K ′ 2 , we get C(K ′ 2 ) ℓ ∼ = Z/ℓ m Z. If h ′ 2,ℓ = ℓ n , where n < m, then according to Proposition 2.2(ii), n = m − 1 and C(K ′ 2 ) ℓ ∼ = Z/ℓ m−1 Z. Hence, if ℓ-class number of K ′ 2ℓ is ℓ m , then ℓ-rank of K ′ 2 is 1. Let h ′ 2ℓ,ℓ = ℓ n , where n < m. Consider the extension K ′ 2ℓ a+1 /K ′ 2ℓ a , for some 1 ≤ a < i, such that h ′ 2ℓ a ,ℓ < h ′ 2ℓ a+1 ,ℓ . If C(K ′ 2ℓ a ) ℓ is cyclic, then C(K ′ 2ℓ a−1 ) ℓ is also cyclic (by Proposition 2.2(ii)). Repeating the same argument, we get that C(K ′ 2ℓ ) ℓ is also cyclic. Now, by analogous argument (as in the previous paragraph), either h ′ 2,ℓ = ℓ n or ℓ n−1 and in both the cases C(K ′ 2 ) ℓ is cyclic. Hence ℓ-rank of K ′ 2 is 1. Case II: Let C(H) ℓ ∼ = Z/ℓ m−1 Z ⊕ Z/ℓZ and h ′ 2ℓ i ,ℓ = ℓ m . Since, ℓ ∤ [H : K ′ 2ℓ i ], therefore by Theorem 2.2, either h ′ 2ℓ i ,ℓ = ℓ m−1 or ℓ. Thus C(K ′ 2ℓ i ) ℓ is cyclic and as in Case I, we get that C(K ′ 2 ) ℓ is cyclic and hence ℓ-rank of K ′ 2 is 1.
